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| From the analyses of the recent data of neutrino oscillation experiments (espe- 

Q\ ■ daily the CHOOZ and the Super KAMIOKANDE experiments), we discuss how 

, these data affect the neutrinoless double beta decay {{(3/3)ov) rate and vice versa 

O |' assuming that neutrinos are Majorana particles. For the case that mi ~ m,2 <C TO3 

JL ■ (m, are neutrino masses), we obtain, from the data of the CHOOZ and Su- 

per KAMIOKANDE, 0.28 < sin 2 9 23 < 0.76 and sin 2 6 13 < 0.05. Combining 
' the latter constraint with the analysis of the "averaged" neutrino mass (m v ) 

. appeared in (/3/3)oi/ 5 we find that (m - ) ' m2 < sin 2 9 13 < 0.05, which leads to 

the constraint on (m„) as (m v ) < 0.05m 3 + (1 — 0.05)m2. For the case that 
' mi <C m,2 ~ ma, we find that the data of neutrino oscillation experiments and 

(/3f3)ou imply the following constraints of mixing angles. If 0.95m,3 < (m„) < m 3 , 
< sin 2 0i3 < m » + <m,) , if l m \ < .95m 3 , H^fe^S 2 £ sin 2 9 12 < 1 and 

2^ ^ Sin 013 < 2m3 ■ 
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In the last decade important data of neutrino oscillation experiments have appeared. 
They have come from solar neutrino oscillation [JjJ [0] H ED], atmospheric neutrino deficit 
H and the neutrino oscillation from reactors [|| @ and accelerators ||. Another 
important data come from the neutrinoless double beta decay ({PP)ou) [10], though the 
neutrinos are need to be Majorana particles for this process to occur. In the previous 
paper jn]], we have obtained the constraints from (/5/3)o^ on the lepton mixing angles 
by taking possible leptonic CP violating phases into account. In this note we combine 
the constraints from {(3(3)q v with those from the recent CHOOZ reactor experiment §, 
the Super KAMIOKANDE atmospheric neutrino experiment ||] and the solar neutrino 
experiment fl2|| . Before proceeding to this arguments we briefly review the formulation 
developed in which is necessary for the present study. We assume neutrinos are 
Majorana particles. For Majorana neutrinos, the Cabibbo-Kobayashi-Maskawa (CKM) 
left-handed lepton mixing matrix takes the following form: 

cic 3 s lC3 e if3 sae*^) 

U = | (s lC2 - c lS2 s 3 e-^)e-^ ac 2 - s lS2 s 3 e^ s 2 c 3 e^-^ 

(s\s 2 - cic 2 s 3 e %<t> )e~ lp {-c\s 2 - sic 2 S3e l<t> )e~ t( - p ~^ c 2 c 3 

Here Cj = cosOj, Sj = s'mOj {6\ = 6\ 2 , 6 2 = # 23 , #3 = #31) and three CP violating 
phases, 0, p and <f> appear for Majorana neutrinos. The decay ratio of (/3/3)o^ is, in the 
absence of right-handed couplings, proportional to the "averaged" mass {m u } defined 
by |3] 

3 

{m v ) = 1^,17^1. (2) 

i=i 

Substituting the expression ([l]) into Eq. @, we obtain 



(m. 



) 2 = (mic 2 c 2 —m 2 s 2 c 2 cos 20 —m 3 s\ cos 2p') 2 +(m 2 s 2 c 2 [ sin 20 +m 3 s\ sin 2p') 2 , (3) 



where we have 

= p' = \-{p-4>). (4) 

Rewriting cos 2p' and sin 2p' by tan p' , we can consider Eq. (||) as an equation of tan p', 

a + p tan 2 p' + bp tan p' + a^p = 0. (5) 

Here a±p and bp are defined by 

a±p = 4 sin 2 m 2 s\(^{mic\(^ ± m 3 s|) + (mic 2 c| - m 2 s 2 c 2 ±m 3 s|) 2 - (m u ) 2 (6) 
bp = 4m 2 m3S 2 s 2 c 2 sin 2(3'. 

So the discriminant D for Eq. (|J) must satisfy the following inequality: 

D = bp- Aa + pa_p 

= 4 3 (m lC 2 c 2 ) 2 (m 2S 2 C 2 ) 2 (/ + - sin 2 0){s\n 2 - /_) > 0, (7) 
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where 



So we obtain 



_ ({m u )±m 3 s 2 3 y - (mx44 - rr^sj^f 



/_<sin 2 /3'</ + . (9) 



It follows from Eq. (9) that 



/-<!, /+>0. (10) 
Analogously, rewriting cos 2(3' and sin 2(3' as tan/3', we obtain the inequalities: 

9- < 1, 5+ > 0. (11) 

Here 

_ (K) ± m 2 gfc|) 2 - (m lC jc 2 3 - m 3 s 2 3 ) 2 

9± = : Tin • \ L2 ) 

^m\m 3 c\s^c 3 

Using the inequalities (10) and (11), we can determine the allowed region for mixing 
angles in the s 2 versus s| plane once the neutrino masses m% and the averaged neutrino 
mass (m u ) are known. 

Without loss of generality, neutrino masses are ordered as mi < m 2 < m 3 , and 
(m v ) belongs to one of the following three cases: 

(a) (m u ) < mi, 

(b) mi < (m„) < m,2 
and 

(c) m 2 < (m„) < m 3 . 

Note that the definition of (m u ) in Eq. (Q) and the Schwartz inequality jointly 
imply that 

3 3 
(m v ) < mjPejl <m 3 Y^ W%\ = rn 3 , (13) 
3=1 3=1 

that is, (m„) can not be larger than m 3 . The allowed regions in the s\ versus s 3 plane 



for cases (a), (b) and (c) are obtained from Eqs. ( jT0| ) and (11), and are shown in Fig. 

'3 • 



1. From Fig. 1, we obtain the following bounds on s 3 



< s 3 < for m 2 < \m v ) (14) 



m 3 — m 2 " m 3 + m2 

9 mo + (m v ) 
< s \ < 1 x vl for (m u ) < m 2 
m 3 + m 2 

So far we have presented a brief review of the constraints from {(3(3)q u - This method 
is very general and we have not imposed any concrete data on it. It is worthwhile to 
note that the allowed region in the s| versus (m v ) plane is obtained from Eq. ( |l4[ ) 
and is shown in Fig. 2. Next we proceed to discuss how the recent data from the 
neutrino oscillation experiments yield additional restrictions on the mixing angles. We 
consider the data of the CHOOZ reactor experiment and the Super KAMIOKANDE 
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atmospheric neutrino experiment ||. The latter indicates 5m? = 0.01 ~ 0.001 eV 2 and 
the former gives severe restriction on the mixing angle in this mass region 

sin 2 29 < 0.2. (15) 

Hereafter, let us discuss following two scenarios for the mass hierarchy, 

(A) mi ~ m 2 < m 3 , 

(B) mi < m 2 ~ m 3 . 

First we argue case (A). In three generation model, P(p e — > D e ) is given by 

P(. e ^P e ) = l-4 S 2 c 2 sin 2 (^), (16) 
for case (A). So 9 = # 3 in Eq. (15) and 

< si < 0.05 or 0.95 < < 1. (17) 
On the other hand, Super KAMIOKANDE indicates in 

P(u, -„„) = !- 4c 2 , 2 (l - dsl) sm 2 (^), (18) 

that 0.8 < 4c|s|(l - c|s|) < 1, namely 

0.28 . 2 . 0.72 , , 

<4< -1 2- ( 19 ) 



l_ s 2 ~°2~ 1 _ a 2- 

Then, from these two experiments we obtain 

0.28 < si < 0.76, 4 < 0.05. (20) 



It should be noted that the data of solar neutrino impose no further constraint p2[. 
These results are depicted in Fig. 3. Now combining the allowed region in Fig. 3 with 
one in Fig. 2 from {(3[3)q v , we obtain a further constraint. It follows from Eqs. ( |i~4|) 
and © that 

(m v ) — mo 9 „ / \ 

< S3 < 0.05. (21) 

m 3 - m 2 

Namely, we find 

(%) < 0.05m 3 + (1 - 0.05)m 2 ~ 0.05m 3 . (22) 

Since the Super KAMIOKANDE experiment indicates 5m 2 ~ m| = 0.01 ~ O.OOleV 2 , 
we obtain from Eq. @ that (m u ) < 0.005 ~ 0.0005eV in case (A). 

Next let us consider case (B). The vacuum oscillation probability P[y a — > z^ Q ) of 
case (B) is obtained from that of case (A) by the permutation of \U e %\ <-» |?7 e i|. Thus 
P(p e — ► i/ e ) for case (B) is given by 

P(u e -> p e ) = 1 - 4c 2 c 2 (l - c 2 c 2 )sin 2 (^). (23) 
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The CHOOZ experiment gives the constraint that 4c 2 c 2 (l — c 2 c 2 ) < 0.2. Namely, we 
find 

(24) 



0.05 , 2 



1 6 X 

On the other hand, the Super KAMIOKANDE experiment indicates in 

P{v, - v,) = 1 - 4|[/, 1 | 2 (1 - |^i| 2 )sin 2 f^) (26) 



V 4£ 



that 0.8 < 4|[/„i| 2 (l - |f/ M i| 2 ) < 1, namely 



ni\ - | u^i | 

0.28 < |C/ A ,i| 2 < 0.72. (27) 

Here (t^il 2 is 

\Ufj,l | 2 = S 2 C 2 + c\s\s\ + 2siS2S 3 ClC2 cos ^ (28) 

from Eq. (1). Hence we obtain 

(sic 2 - C1S2S3) 2 < |^ t i| 2 < (sic 2 + cis 2 s 3 ) 2 . (29) 
Then from Eqs. ( p7| ) and ( p9| ) it follows that 

(aica - c lS2 s 3 ) 2 < 0.72 (30) 

and 

0.28 < (siC2 + cis 2 S3) 2 - (31) 
Since {s\C2 + C1S2S3) 2 < s 2 + cfs 2 we obtain from Eq. (pl|) 



0.28 - s 



2 

I < „2 



4 ( 32 ) 



The constraint Eq. (p2[) from the Super KAMIOKANDE experiment excludes the small 
angle region, Eq. (|25|), of the allowed regions from the CHOOZ experiment. 

As for solar neutrino oscillation, Fogli et al. [12] discussed only case (A). Arguments 
for case (B) needs new assumption and here we do not take the data of solar neutrino 
experiments for case (B) into account. Thus the constraints from the oscillation ex- 
periments are summarized in Fig. 4. We know that the allowed region is restricted to 
the upper part of Fig. 4. Now, let us superimpose this result on the allowed region 
of (Pf3)o u , Fig. 1. In the following discussions, we restrict ourself to the case where 
mi <C (m u ) < 77J2 ~ m 3, expecting that (m u ) is not too small. In this case, the allowed 
region from ((3f3)o„ in the s 2 versus s 2 plane is obtained from Fig. 1(b). The allowed 
region depends on the value of (m v )/mz as shown in Fig. 5. 
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Combining the allowed region in Fig. 5 with one in Fig. 4, we obtain the following 
allowed regions of sf and of s 3 in terms of (m u ) /ms, which are shown in Fig. 6. 

(1-0.05) I( (1 _ . 05) _(!^))< si< f 1+ (!!v) 

i^|>_ (1 + 0.05) 2l V ' m 3 i~ 3 -V m 3 

for < 0.95. (33) 

m 3 

9 q 1 / (m,,) \ . (m v ) 

0<s?<l, 0<a2<~(l + ^— ^) for 0.95 <^^. 

2 V TO 3 / m 3 

Note that since m 3 = 0.01 ~ O.OOleV from Super KAMIOKANDE and (m„) < 
O(10 _1 )eV from (f3/3)o v we have no constraint for (m l/ )/m 3 at present. In conclu- 
sion, the recent data of neutrino oscillation experiment, especially, the CHOOZ and 
the Super KAMIOKANDE experiments are analyzed together with {m u ) in [P0)q v for 
three generations of Majorana neutrinos. We obtain an upper bound for (m v ) as in 



Eq. (22) for the case that m\ ~ m2 <C m 3 . For the case that mi <C ni2 ~ m 3 , on the 
other hand, the allowed regions of s\ and of s 3 in term of (m u )/ni3 are obtained and 
shown in Fig. 6. 
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Figure Captions 

Fig. 1: The allowed region in the s\ versus s| plane obtained from neutrinoless 
double beta decay is given by the shaded areas in the cases: (a) (m„) < mi, (b) 
mi < (m u ) < rri2 and (c) mi < (m u ) < 7713. 

Fig. 2: The allowed region in the s| versus (m„) plane. 

Fig. 3: The allowed regions for case (A) from the respective experiments are indicated 
by the arrows. Shaded region is the commonly accepted one. 

Fig. 4: The same diagram as Fig. 3 for case (B). 

Fig. 5: Each allowed region (shaded region) obtained from neutrinoless double beta 
decay for the cases: = 0.33, 0.65, 0.98 under the assumption that mi <C (m v ) < 

77i2 ~ m 3- Dotted region is allowed by the CHOOZ experiment for case (B). 

Fig. 6: The allowed regions of s\ versus (m v )/i7i3 and s| versus {m u )/m^ planes for 
case (B) obtained from Eq. fl33|) . 
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FIG.l 
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FIG.4 
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